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Abstract. Diffraction is one of the universal phenomena of physics, and a way to
overcome it has always represented a challenge for physicists. In order to control
diffraction, the study of structured waves has become decisive. Here, we present a
specific class of nondiffracting spatially accelerating solutions of the Maxwell equations:
the Weber waves. These nonparaxial waves propagate along parabolic trajectories
while approximately preserving their shape. They are expressed in an analytic closed
form and naturally separate in forward and backward propagation. We show that
the Weber waves are self-healing, can form periodic breather waves and have a well-
defined conserved quantity: the parabolic momentum. We find that our Weber waves
for moderate to large values of the parabolic momenta can be described by a modulated
Airy function. Because the Weber waves are exact time-harmonic solutions of the wave
equation, they have implications for many linear wave systems in nature, ranging from
acoustic, electromagnetic and elastic waves to surface waves in fluids and membranes.
PACS numbers: 42.25.-p, 03.50.De, 41.20.Jb, 41.85.-p
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1. Introduction
A paraxial accelerating beam is a shape-preserving light beam whose peak intensity
follows a continuous parabolic curve as it propagates in free space. The first accelerating
beam, the Airy beam, was proposed and observed in 2007 [1]. By now, it has
been proved that the only solutions to the paraxial wave equation with accelerating
nondiffractive properties are the one-dimensional Airy beams and the two-dimensional
Airy and accelerating parabolic beams [2, 3]. The unique properties of the accelerating
beams have led to many intriguing ideas and applications, e.g. particle and cell
micromanipulation [4, 5], plasma physics [6], nonlinear optics [7], plasmonics [8, 9] and
micromachining [10], among others.
Recently, new nondiffractive accelerating waves called ‘half a Bessel’ waves were
theoretically introduced [11] and experimentally verified [12]. These waves propagate
along a circular trajectory; during a quarter of the circle they are quasi shape-preserving
and after this, diffraction broadening takes over and the waves spread out. The
importance of these waves consists in having the same characteristics as the paraxial
accelerating beams [1, 2, 3] but in the nonparaxial regime, i.e. these waves can bend
to broader angles. Therefore, the ‘half a Bessel’ waves allow one to extrapolate all the
intriguing applications of accelerating beams to the nonparaxial regime, and because
these waves are solutions to the wave equation, they have implications for many linear
wave systems in nature, ranging from acoustic and elastic waves to surface waves in
fluids and membranes. Therefore, a natural question is: are there other accelerating
nondiffractive solutions to the wave equation?
In this work, we present new nonparaxial spatially accelerating shape-preserving
waves: the Weber waves. These nonparaxial waves propagate along parabolic
trajectories while approximately preserving their shape within a range of propagation
distances. Our Weber waves, like the ‘half a Bessel’ waves, are self-healing, they can
form breather waves, and they are a complete and orthogonal family of waves. The
Weber waves naturally separate in forward and backward propagation, and they have
an analytic closed-form solution.
The ‘half a Bessel’ waves by construction break the circular symmetry and do not
have a well-defined angular momentum. In contrast, we show that the Weber waves
have a well-defined conserved quantity: the parabolic momentum. We found that our
Weber waves for moderate to large values of the parabolic momenta can be described by a
modulated Airy function. We demonstrated that the local value of the linear momentum
density of the Weber waves flows in parabolic lines and this allows to transfer parabolic
momentum to mechanical systems. Accordingly, schemes and uses equivalent to those
found for orbital-angular momentum [13] can be proposed for parabolic momentum.
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2. Weber waves
To construct new nondiffracting accelerating waves of monochromatic Maxwell’s
equations in a homogeneous medium as in [11], one just needs to find quasi-
nondiffracting accelerating solutions of the two-dimensional Helmholtz equation
(∂xx + ∂zz + k
2)ψ = 0, where k is the wavenumber. Because the waves of interest are
nonsingular and we consider only propagation in free space, there can be no evanescent
components. Therefore, the spectrum of all the solutions to this equation lies on a circle
or radius k = ω/c in the kx − kz plane and it is characterized by the spectral function
A (θ) = {A+ (θ) , A− (θ)}. From this spectral function, the wave can be constructed by
ψ (x, z) =
 0∫
−pi
A− (θ) +
pi∫
0
A+ (θ)
 eik(x cos θ+z sin θ)dθ. (1)
We want forward propagating waves in the z-coordinate; therefore we are interested
only in solutions with components in the top half 0 < θ < pi of the spectral function,
i.e. A− (θ) = 0. In the rest of this work, we will assume forward propagating waves;
backward propagating waves can be readily constructed by A (θ) → {0, A+ (−θ)}. By
this argument, the ‘half a Bessel’ waves are defined in [11] as half of the spectral function
of a Bessel beam, i.e. A+ (θ) = exp(−imθ)/√pi. The ‘half a Bessel’ waves do not have
analytic solution in the x−z space because equation (1) for its spectral function cannot
be solved analytically.
Because we want solutions that have a parabolic translation upon propagation,
we look at the two-dimensional Helmholtz equation in parabolic coordinates x + iz =
(η + iξ)2 /2 with ranges in η ∈ (−∞,∞), ξ ∈ [0,∞). In [14], a solution whose spectral
function just lies on the top half of the spectral circle is created by superposing two
parabolic nondiffractive beams. There, this solution was considered as a nondiffractive
wave propagating in a straight line, but here we will consider it as an accelerating wave
propagating in a parabolic curve; that is, the y-axis in [14] becomes the z-axis here.
As is shown in [11] this simple physical reinterpretation of the solution has profound
implications. Therefore, we define the Weber waves as [14, 15]
W (η, ξ; a) =
1
2pi
[ |Γ1|2 P0 (σξ; a) P0 (ση;−a)
+2i |Γ3|2 P1 (σξ; a) P1 (ση;−a)
]
, (2)
where Γ1 ≡ Γ(1/4+ ia/2), Γ3 ≡ Γ(3/4+ ia/2), σ ≡
√
2k, a is a dimensionless parameter
of the solution that we will call the parabolic momentum and Pγ are the parabolic
cylinder functions [16] that in terms of the Kummer confluent hypergeometric function
1F1 can be written as
Pγ (x, a) = x
γe−ix
2/4
1F1
[
1 + 2γ
4
− ia
2
;
1 + 2γ
2
;
ix2
2
]
. (3)
The spectrum of the Weber waves can be obtained from [14, 15] as
A+(θ; a) =
1√
2pi |sin θ|
exp
(
−ia ln
∣∣∣∣∣tan θ2
∣∣∣∣∣
)
, (4)
Nondiffracting Accelerating Waves 4
Figure 1. Top row (a-c) and bottom row (g-i): ‘half a Bessel’ waves; middle row (d-f):
Weber waves. The dashed black parabolas describe the trajectory of the maximum
lobe of the Weber wave in the same column. All figures depict a 220k−1 × 220k−1
square.
For two-dimensional waves the physical inner product, i.e. invariant under
Euclidean transformations, is given by 〈ψ1|ψ2〉 = ∫ pi−pi A∗1 (θ)A2 (θ) dθ [17]. With this
inner product, the Weber waves are orthogonal with respect to the parabolic momentum,
i.e.,
〈W (η, ξ, a) |W (η, ξ, a′)〉 = δ (a− a′) , (5)
where δ (y) is the Dirac delta function. Therefore, the Weber waves form a complete
and orthogonal family of forward propagating waves and any forward propagating wave
can be represented as a linear superposition of Weber waves with different parabolic
momentum values.
We will now analyze the physical characteristics of our Weber waves. The
middle row of figure 1 shows several Weber waves for different values of the parabolic
momentum. Note that the Weber waves exhibit a shape-preserving profile while moving
on a parabolic trajectory whose shape is controlled by the parabolic momentum. The
focal length of the parabola increases with the parabolic momentum. For a < 0 the
Weber waves will propagate to the left because W (x, z;−a) = W (−x, z; a). The bending
angle φb (with respect to the z-axis) of a Weber beam is given by φb = (pi+ θ)/2, where
θ is the polar coordinate angle, i.e. x = r cos θ, z = r sin θ. We found that the first
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two lobes of the ‘half a Bessel’ and Weber waves at z = 0 have the same shape if the
parameters of the waves satisfy the relation m = 2a. In the top row of figure 1, we
show several ‘half a Bessel’ waves with m = 2a; although we can see that the ‘half a
Bessel’ bends faster, qualitatively, it is possible to see that Weber waves stay true to
their propagation invariant nature longer. If we compare the Weber waves with ‘half
a Bessel’ waves that remain nondiffractive longer, for example the ones satisfying the
relation m = 3a depicted in the bottom row of figure 1, one can see that the bending
trajectories are equivalent.
We found, using uniform approximation expansions [18, 19], that for a ≥ 10
our Weber waves can be approximated (with an error less than 0.5% relative to the
maximum) by
W (η, ξ; a) ≈ |Γ1|2 e
pia/2
2
√
pi
(
1
η˜2 + 1
)1/4
eiH(η˜)
 Ξ
(
ξ˜
)
ξ˜2 − 1
1/4 Ai [−Ξ (ξ˜)] , (6)
where x˜ = x
√
k/2a and
Ξ (x)
(6a)2/3
=
 −
(
1
4
arccosx− 1
4
x
√
1− x2
)2/3
,(
1
4
x
√
x2 − 1− 1
4
arccoshx
)2/3
,
x ≤ 1,
x ≥ 1, (7)
H (x) = a
[
x
√
x2 + 1 + log
(
x+
√
x2 + 1
)]
. (8)
This form of the Weber wave unravels its physical characteristics. Note that now
our waves separate into a product of functions of the η and ξ coordinates. The ξ
part describes the profile characteristics, while the η part describes the propagation
characteristics. The ξ part is a modulation of the Airy function; the argument of the
Airy function makes this part oscillate asymptotically as sin (kξ2/2 + pi/4), i.e. the
maximum frequency of oscillation of the wave will be k as expected because the Weber
waves do not contain evanescent waves. The modulation makes the envelope of the
function to decay as ξ−1/2, i.e. as an Airy beam.
We found that the maximum lobe of the Weber beam propagates in the parabola
with
√
2kξmax ≈ 2
√
a+ 0.9838a−4/25, (9)
and by equation (6) the value of this maximum will decay upon propagation by
δ = (kη2/2a+ 1)
−1/4
. For Weber waves with a > 10 this decay can be simplified within
an error of 5% by δ =
√
cosφb; from this, we see that our waves will bend to 75
◦ with
still 50% of its peak amplitude. Figure 2 shows the decay and propagation trajectory
of the main lobe of the Weber waves for different values of parabolic momentum, i.e. it
characterizes the nondiffractive accelerating behavior of our waves.
It is possible to double the angle of bending by propagating the Weber waves from
z < 0. In this case the wave has a bending angle opposite to the direction of bending
and the Weber wave will depict full parabolas as shown in figure 3(a). These Weber
waves can be used for micromachining of micron-size curved structures [10].
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Figure 2. The color map and parabolic lines shows the decay and propagation
trajectory, respectively, of the main lobe of the Weber waves for different parabolic
momentum a. The coordinates x and z are in units of k−1.
Because the Weber waves are separable solutions of the wave equation, they are
also eigenfunctions of a second-order operator that we will call the parabolic momentum
operator [20]. This operator commutes with the Helmholtz equation; therefore, the
eigenvalue of the parabolic momentum operator is a conserved dynamical constant. The
parabolic momentum eigenvalue problem is given by
(L∂z + ∂zL)W =
(η2∂ξξ − ξ2∂ηη)
(η2 + ξ2)
W = 2kaW, (10)
where L = x∂z − z∂x = (η∂ξ − ξ∂η) /2 is the angular momentum operator.
To explain the physics of the parabolic momentum, let us calculate the local value
of the linear momentum density of the Weber waves W = |W | eiβ,
p = iωε0 |W |2∇β,
= iωε0 |W |2 k
√
η2 + 2a/k√
η2 + ξ2
η̂. (11)
This means that the linear momentum flows purely in parabolas. Therefore, the
transverse structure of the Weber waves allows the trapping of micrometer particles by
a gradient force, and the linear momentum density will move these particles in parabolic
trajectories. This opens up the possibility of applying schemes and uses equivalent to
those found for orbital-angular momentum [13] to the parabolic momentum.
We will now compare the known features of the Airy beam and ‘half a Bessel’ waves
with our new Weber waves. First, the Weber waves are also self-healing; for example,
in figure 4(a) the main lobe of a Weber wave is initially blocked and during propagation
the second lobe gets more power and its trajectory bends to replace the first lobe, and
similarly each subsequent lobe will bend to replace the lobe on its right.
As in the case of the ‘half a Bessel’ waves, by superposing Weber waves with different
values of parabolic momentum, it is possible to create breather waves that will propagate
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Figure 3. (a) Weber wave a = 55; (b-e) Paraxial Weber waves with d = 3, 7. (a)
depicts a 440k−1 × 220k−1 rectangle and (b-e) all depict a 220k−1 × 220k−1 square.
in a parabolic trajectory but their amplitude will oscillate with periodicity that depends
on the difference between the values of the parabolic momentum, see figure 4(b). Similar
to the Airy beams and the ‘half a Bessel’ waves, our Weber waves are not square
integrable, i.e. they carry infinite power. However, as is common with accelerating
beams, if we introduce an aperture or an exponential apodization, the Weber waves will
hold their properties but over a smaller distance; the wider the aperture the larger the
distance. Also, while the acceleration of the Airy beams can be controlled by an arbitrary
constant that scales the x−axis linearly and the z−axis quadratically, the acceleration
of our Weber beams is controlled by a, the parabolic momentum, as explained above.
It is important to note that although Airy beams are solutions to the paraxial
equation, the Airy beams do not satisfy the paraxial approximation because their
spectrum is not confined to small angles; this is equivalent to the fact that Airy beams
have an oscillating tail of constantly increasing frequency. Any solution of the wave
equation only satisfies the paraxial equation in the paraxial regime; therefore, it is not
possible to recover the Airy beams by varying the parameters of the ‘half a Bessel’
wave or the Weber waves. Furthermore, neither the ‘half a Bessel’ nor the Weber
waves, in their current form, has a parameter that controls paraxiality. In order to
control the paraxiality of the waves we can use the idea of imaginary displacement
[21, 22]. If one considers a spatial shift by the imaginary distance id/k in the z-
direction, then the spectral function A(θ) becomes A(θ)exp(d sin θ). Therefore, as d
increases, the spectrum becomes increasingly confined around the propagation direction
and the field becomes increasingly beam-like. The amplitude of the spectral function of
the Weber waves has a singularity at θ = 0, pi; we will call this a soft singularity because
as the amplitude diverges, the phase also diverges; therefore, in any experimental or
numerical application this divergence will average to zero. Nevertheless, it is possible
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Figure 4. (a) The self-healing property of a Weber wave (a = 40) with the first
lobe initially cut out. The dashed black curved describes the original trajectory of
the first lobe. (b) A periodic Weber wave created by supperposing two Weber waves
with a = 40 and a = 54 with equal coefficientes. All figures depict a 220k−1 × 220k−1
square.
to cancel this divergence if we subtract the original spectral function from the shifted
one, i.e. A(θ) (exp(d sin θ)− 1). In this case, the intensity of the spectral function
at θ = 0, pi relative to the maximum intensity is d2/exp(2d): consequently, in any
practical application we can consider these highly nonparaxial components as zero if
d > 3. Figures 3(b-e) depicts the Weber waves constructed with this spectral function
for d = 3, 7.
The Weber waves can be experimentally generated with the same setup used
to generate the ‘half a Bessel’ waves in [23]; in our case the holographic mask
has to encode the Fourier transform of equation (2) at z = 0 which is given by
(1− k2x/k2)−1/2A+ (acos (kx/k) ; a) for |kx| < k and zero otherwise. Transverse electric
(TE) and transverse magnetic (TM) vector field solutions of the Maxwell equations
can be readily constructed by using our Weber waves as Hertz vector potentials, e.g.
defining Πm = W (η, ξ)zˆ and Πe = W (η, ξ)zˆ. Furthermore, arbitrary polarization
vectorial Weber waves are given by equation (5) of [11].
3. Conclusion
To summarize, we found nonparaxial accelerating waves that propagate along a
parabolic trajectory while preserving their shape to a good approximation. These waves
have a well-defined conserved dynamical constant that characterize them, the parabolic
momentum. For moderate to large values of the parabolic momenta, the Weber waves
can be described by a modulated Airy function; therefore these waves in functional form
are the most closely related to the paraxial Airy beams. This work shows that there
is another nonparaxial accelerating solution to the wave equation and that the ‘half a
Bessel’ waves are not an isolated case. This opens up the possibility of exploring new
accelerating solutions of the Maxwell equations. Finally, because the Weber waves are
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the exact time-harmonic solution of the wave equation, they have implications for many
linear wave systems in nature, ranging from sound, elastic and surface waves to many
kinds of classical waves.
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